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In aerodynamics, in order to apply the "Thin Airfoils Theory" by Glauert, the so-called Glauert's 
integrals are to be solved: 
9•0" cos(n0') , sin(n0) Gn = co~-~7--~-oos0 dO = ~ sin-----~' (1) 
~0 ~ sin(n0') sin 0' dO' 
G* -- c-c-~s 0~-- c--~-~s 0 = -~r cos(n0), (2) 
with 0 < 8 < 7r. Glauert's integral (1) can be solved, for example, integrating in the complex 
plane the function 
z n 
f ( z )  = z2 _ 2z cos 0 + 1 
with respect to z around the circle of unit radius z -- e i°' and then equating the imaginary 
parts [1]. The integral (2) can be reduced to the form (1) by putting sin(n0') sin 0' = (1/2)[cos(n- 
1)0' - cos(n + 1)0']. 
The solutions of Glauert's integrals can also be easily obtained, almost as a by-product, ap- 
plying a new method that will be shortly described here. 
Suppose we have on the strip [(-c/2),  (c/2)] on the x-axis a two-dimensional source distribution 
of strength q(x) per unit length (c could be the chord of a symmetric airfoil). With z -- x + iy, 
the complex velocity at any point of the complex plane is given by 
1 [c/2 q(x') 
u - iv . . . . .  dx'. (3) 
27V J-c~2 Z -- X I 
Let us consider the behaviour of the complex velocity u0 - iv0 on the x-axis. The real part Uo(X) 
is even on the whole axis, i.e., it does not change its sign through the axis, and vanishes at infinite 
distance from the strip 
-- f c/2 q(x') dx'. (4) 1 
uo(x) = ~ J-o/~ ~-~, 
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The imaginary part -vo(x), equal to zero outside the strip [(-c/2),  (c/2)], is odd on the strip, 
i.e., its sign changes through the strip, which must be treated as a double-faced strip 
vo(x) = +q(x) 
2 ' (5) 
where the signs + and - are valid, respectively, on the upper and the lower face of the strip. 
The properties exhibited by the velocity components on the x-axis due to a source distribution 
on a strip of the same axis are a particular case of a more general property of the functions of a 
complex variable. 
Suppose that we want to find the function of a complex variable F(z) = f + ig in the z-plane, 
assuming that the real part is even on the x-axis and equal to zero at infinity, and that the 
imaginary part is equal to zero on the x-axis except on the strip [( -c/2),  (c/2)], where it is odd 
and known. If go+(x) is the value of the imaginary part on the upper surface of the double strip, 
according to equations (3)-(5) we obtain: 
F(z) = f + ig = __1 fc/2 go+(X') dx', 
7f j _c /2  Z - -  X I 
1 fc/2 go+(x') dx'. 
fo(z) = --~ J-c/2 x--x- ;  
(6) 
(7) 
The above properties have been successfully applied to determine the complex velocity and the 
pressure distribution around a thin airfoil in unsteady incompressible flow [2]. 
To generalize this method to evaluate Glauert's integrals, now we can examine three particular 
functions which lead rapidly to the required solutions without any actual integration. Suppose 
that the variable z = x + iy is obtained from the variable ~ by means of the Zhukowsky transfor- 
mation 
c 2 
z = ~ + 16---~" (8) 
If ~ = (c/4)e ie, equation (8) yields z = (c/2)cosO. While ~ varies on the circle of radius c/4, 
z varies on the double strip [(-c/2),  (c/2)]; the upper face of the strip corresponds to 0 < 0 < 
and the lower one to -~r < t~ < O. 
On the double strip, we have 
" " i"' x = ~ cos0; dx = -~ sin0de; . . .dx '  . . . .  s in0'de' .  (9) 
J - c /2  
Consider first the function 
c/2 (10) 
F(z) = f + ig - V/Z2 _ c2/4' 
that satisfies the conditions for the validity of equations (6)-(7). On the double strip, the real 
part is zero and the imaginary part is an odd function 
f0 - -0 ;  
Equations (6), (7), (9), (11) yield 
1 
go+ sin0' (11) 
F(z) = f + ig = _1 ~o "~ dO' 
2(z /c )  - cos e"  
fo = 0 = _1 l ~ d0 I 
7r cos 0 -- cos 8" 
(12) 
(13) 
Glauert's Integrals 
So, we have obtained the solution of integral (1) with n -- 0: Go = 0. 
Consider now the function 
1 
F(z )  = / + ig - 
( (41c)-2)  n 
On the double strip, we obtain 
f0 = cos(n0); go+ -- - sin(n0). 
Equations (6), (7), (9), (15) yield 
= f + iy = 1 ~ sin(n0') sin 0' F(z) v~ 2(--~/c): cos 0' dO', 
f0 = cos(n0) -- -Trl ~0 ~ sin(n0')cos 0 - cosSin 5d0"0 '  
Equation (17) gives the solution of integral (2) G*. 
Finally consider the function 
1 c/2 
F(z) = / + ig - ((4/c)~)- v/z2 _ c2 /4  
Its value on the double strip is 
( i )  
[cos(nO) - i sin(nO)] -s-~-~nO ' 
and then we obtain 
sin(nO) cos(nO) 
f0 = sin 0 ; go+ = sin 0 
Equations (6), (7), (9), (19) give 
F(z) = f + ig = 1 ~0 r cos(n0') 
-~ 2(z/c) - cos t~' dO', 
sin(n0) _ 1 f~  cos(n0') 
. . . .  L /Co -- sin 0 7r cos 0 - cos 0' d0~" 
From equation (21), we obtain the solution of integral (1) Gn. 
= cos(n0) - i sin(n0). (14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
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